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Abstract
The purpose of this study is to analyze the occurrence of Congruences and to carefully evaluate
different classes of limited partition functions, especially with regard to the modular behavior
of these functions. The restricted partition functions of the type p,(q?m + b)for specific
primes q with k=3,5,7 are studied in this research. We examine the primes q that fulfill
pr(g?m + b) = Omodk for all natural integers m for every k. The study of congruence
behavior in limited partition functions is a particularly fruitful field of investigation within the
realm of partition theory. This refers to the process of discovering the circumstances under
which the values of these functions display predictable patterns modulo integers. We then use
a standard proving technique for every case to demonstrate our findings.
Keywords: partition functions, Congruences, partition theory, restricted partition

1. Introduction:

Determining basic relationships that capture complex integer features is the core of number
theory. The underlying structure of the integers can be shown by using one of the most basic
mathematical concepts—writing a number as the sum of other numbers—almaost surprisingly.
This is called partition theory. A partition is a representation of a nonnegative number n as a
sum of positive integers, known as summands, whose order is unimportant. Merca (2022)
concentrated on partitions into discrete sections and Ramanujan-type congruence modulo 4.
He discovered infinite families of congruence that extended traditional Ramanujan findings to
new moduli and partition types by carefully examining g-series and partition identities. Smoot
(2022) made two closely linked papers that greatly advanced our knowledge of infinite families
of partition congruence. He investigated how modular functions may be used to construct
infinite families of congruence in a systematic way in his Xiv publication and the
accompanying RISC Report (2022). Smoot developed a technique called "divisibility arising
from addition,"” which used the modular form's structure to find consistent partition divisibility
patterns. His method made it possible to formulate large classes of congruence, especially those
that are difficult to get using conventional combinatorial techniques. Hanson (2023)
investigated the mathematical characteristics of modular form coefficients, with special
attention to how they relate to partition theory. In order to derive novel congruence and
divisibility conclusions, he examined the link between the coefficients of certain modular forms
and partition functions. Yildiz et al. (2023) used a modular structure in the surprising yet
creative fields of textile pattern creation and geometry. Their use of modular congruence
principles demonstrated the wider relevance of modularity outside of conventional algebraic
contexts, even though it was not directly related to number theory. Banerjee and Smoot (2023)
investigated the congruence features of a particular class of partitions, known as 2-elongated
planar partitions, modulo powers of 7. This was complemented by Banerjee and Smoot (2023),
who applied the localization method to a genus 1 congruence family, analyzing 2-elongated
plane partitions and their congruence properties with respect to powers of 7, contributing novel
insights into the arithmetic of specialized partition families. Chern and Sellers (2023)
investigated internal congruence’s within certain constrained partition families, specifically
partitions into odd parts with specified summands. They used generating function
manipulations and recurrence structures to offer evidence for their identification of infinite
families of congruence’s modulo powers of two. Their research helped develop a more
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sophisticated understanding of how congruence behaworg,
inside partitions. Smoot (2024) broadened his previous research by providing a thoro
framework for modular congruence family categorization. Congruencies resulting from
addition were highlighted in his categorization, along with their structural reliance on modular
form attributes like weight and cusp behavior. The purpose of this study is to analyze the
occurrence of Congruences and to carefully evaluate different classes of limited partition
functions, especially with regard to the modular behavior of these functions. In doing so, it
makes a contribution to a more comprehensive understanding of the ways in which arithmetic,
algebraic, and analytic features converge within the theory of modular forms and partitions.
2. Objectives of the study
e Toexamine the relationship between modular form Fourier coefficients and limited partition
function Congruences, emphasizing any novel number-theoretic implications.
e To investigate how cusp forms, Eisenstein series, and eta-products affect limited partition
generating function congruence.
3. Methodology
Theoretical Framework and Mathematical Foundations: A detailed survey of the literature
on integer Congruences, modular forms, and partition theory will be the first step in the
research. To provide a strong mathematical foundation, important works by Ramanujan, Atkin,
Serre, and Ono as well as more recent advancements in the arithmetic of modular forms will
be rigorously analyzed. We shall formalize definitions of limited partition functions, including
those with odd parts, separate portions, or congruence criteria.
Construction and Analysis of Generating Functions: Building generating functions for the
several limited partition functions under examination will be the next stage of the work. For
example, infinite g-series or eta-products will be used to represent generating functions for
partitions into odd or different sections. Where appropriate, these generating functions will
subsequently be recast using modular or quasi-modular forms. To ascertain if these functions
display complete or partial modularity, an analysis will be conducted of their modular features,
including level, weight, and transformation behavior.
4. Data Analysis and results
We shall examine congruences of p;(n)mod3 in this work. The following derivation
involving the generating function of p;(n) serves as motivation for this, recalling the equation
and letting k=3 shows
(1-¢*")

P3(q) = Xn=o P3(M)q" = llnz1 "2y (1)

We be acquainted with that 1 — ¢3™ = (1 — ¢g™)3mod3, consequently
(o] — (o) (1_ n)3

Zn:O Ps(n)q" = anl (1_qqn) m0d3(2)

This be capable of be condensed to

> o ps(M)q™ = (1521 1—g™? mod3....(3)

Using Euler's Pentagonal Number Theorem, the equation above is transformed into
Y20 P3G = (T2meo (—1)"q"ED/2)" mod3..(4)

This can now be expressed as a double sum
k(3k 1 G-

Ym0 P3(MG" = X¥p-—o (—DF*g ~ 2 mod3....(5)
at what time
k(3k-1) , £(3¢-1)
- 2 + 2
Yoo P3(M)G" = Yeo 4" Xke (—1DF mod3.....(6)
We can now compare coefficients to
determine

p3(n) = Ykei-n, ee-n_ (—1D)***mod3 ....(7)
2 2
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This indicates that determining ps(n) while working modlffg{f 15.nto a challenge
how to express an integer as the sum of two pentagonal numbers. In order to analyze this;
begin by writing

_ k(3lzc v, t’(3f 0} .(8)
We then partial the four-sided figure.
24n+ 2 = (6k — 1) + (6 — 1)?...(9)
The manipulation demonstrates how n can be viewed as a sum of squares problem when written
as the sum of two pentagonals. Since writing an integer as a sum of squares is a well-researched
topic, this is beneficial. To keep the rest of the paper simple, we'll let
Kk =(6k—1)and 1 = (64 —1).

24n+2 = (6k —1)2 + (60 — 1)2 = k? + 2% ....(10)

Let n be of the form n = g?m + b, where q is a prime number. Every prime, g, is equal to one
or three modulo four if the number 2 is taken out of the equation. Let's start by looking at
primes g=3mod4. A well-known theory about when an integer can be expressed as a sum of
two squares [HW] must be introduced before we can continue.

Theorem 1: If and only if every prime factor =3 mod 4 occurs with an even exponent when
n is stated as a product of prime-powers, then n can be written as the sum of two squares.
The following theorem follows easily from this one and certain numerical data.

Theorem 2: p;(g?m + b) = 0mod3, for each and every one natural statistics m, somewhere
q is a prime greater than 3 on behalf of which g = 3mod4 with b gratifying q||24b + 2.
Proof: We recognize that n = g?m + b, so recall equation 10.

24n+ 2 = 24¢*m + 24b + 2 = k? + 2% ....(11)

In view of the fact that q||24b + 2, we be acquainted with that we can thing out accurately
solitary g to acquire

24b + 2
q (24qm +

)—K + 22 = (6k — 1)% + (6£ — 1)2 ....(12)

But for the reason that ord, (n) = 1 we can be relevant Theorem 1. This let know us that there
survive no ( k, A ), as well as for this reason no ( k, £ ), that persuade equation (12).
ps(n) = Zk(3k—1)+€(3€—1)=n (—1D***mod3....(13)

2 2

Since the sum is exactly zero and contains no terms,

p3(g*m + b) = 0 mod3....(14)

We must now investigate primes congruent to one modulo four after characterizing the
congruences for primes congruent to three modulo four. The fact that we cannot just apply
Theorem 1 will make this considerably more difficult. It turns out that these primes must be
taken into account modulo 12. We know that g=1,5mod12 for any prime qg=1mod4. We may
easily observe from numerical data that no congruence features are evident when g=1mod12.
Thus, we wish to examine the situation in which g=5mod12. After proving a particular
congruence, we will apply our methodology to all primes g=5mod12.

Theorem 3: p;(52m + b) = Omod3, in support of all ordinary numbers m, with b enjoyable
5(|24b + 2.

Proof: We place of protection = 5%m + b. we perceive that

24n+2 = 600m +24b +2 =5 (120m + 222) = &% + 22,...(15)

everyplace T € Z as 5||24b + 2.

This acquaint with us that 5 divides x? + A2. Regrettably significant that a numeral separate a

sum be not awfully ready to lend a hand, so we wish for to inscribe k2 + A2 as a creation. In

support of this we believe the Gaussian Integers in addition to write k2 + A% = (i + 1) (k —
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t1). So 5 | (k + 1) (x — 14). We know on the other han(f, ]
(r —14) since if five separate one it divide the extra since they are multifaceted conjuga
This forces 52 | (k + t1)(k — 14), which contradict our form that 5||24b + 2. It is broadly
identified that five can be printed as a creation of two primes in the Gaussians, namely 5 =
2+y2-).

Thus we distinguish that (2 +1)(2 — 1) | (k + 1) (k — 14).

Now assume that (2 +1) | (k +11).

So

(k+1) =2+ +11)....(16)

We can come across a conjugate key when (2 —1) | (k* +14*) = (2 -1 (k' +14"). To
perceive how this relate to our innovative explanation we grow by 2—: We know that ;—: =

%. The real denominator willpower not involve the conjugation so we find:
K*+1A" = [(6k — 1) + 1(6€ — 1)][3 — 41]
= [18k + 24¢ — 7] +1[18¢ — 24k + 1] ..(17)
= [6(3k + 4£ — 1) — 1] +1[6(=3¢ + 4k) — 1].
Consequently
k*=3k+4¢f—1and £* = =3¢+ 4k....(18)
For that reason
(_1)k*+1€* — (_1)7k+f—1 — (_1)k+{’—1 = _[(_1)k+{’]“'(19)
In view of the fact that
ps(n) = Zk(3k 1) e(ae 1)_ (—1)k+€m0d3....(20)

ps(5%m + b) =0 mod3 ..... (21)

It now appears possible to generalize this method to other primes, g = 5mod12, besides 5 .
This can be done, but first we need to establish a Lemma.

Theorem 4: p;(g?m + b) = 0mod3, in support of each and every one accepted numbers m,
where q is a prime pro which ¢ = 5mod12 by b rewarding q||24b + 2.

Proof: Let n = g?m + b where q is a prime in support of which ¢ = 5mod12.

Give permission

qll24b + 2....(21)

Subsequently
24n + 2 = 24q*m + 24b + 2,
_gq (24q + 24b+2) .(22)

We can feature out this g as we be acquainted with that “Z—” is an numeral since q||24b + 2.

Consequently
24b+2

q (24qm + ) = (k + ) (k — 14) .....(23)

Subsequently

q | (xk+1)(k—11)....24)

Other than g cannot separate entirely into simply one of them because they are compound
conjugates, condition q | (x + t4) afterward q | (x — 1), but this imply that we know how to
thing out a g2 on the left side. This contradict our state that q||24b + 2. consequently g must
thing, but given that it is prime we call for to make use of the Gaussian integers Z[]. because
q is prime and g = 1mod4, we be on familiar terms with that present exist integers x, y s.t.
qg=(x+wy)(x—1y)=x%+y%..25

Subsequently

x+wy)x—w) | (k+ 1) (k — 1) ...(26)

At this summit we be familiar with moreover (x + 1y) | (x + t4) which imply (x —wy) | (x —
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i), or (x +wy) | (k—1A) which involve (x —wy) | (k. f Jhe selection |
understand that (x +ty) | (k +11) . Then k +11 = (x + 1y)(x" +11") . glven tha

preference was uninformed we identify there exist a conjugate explanation ( x*, A* ) in support
of which (x —1y) | (;c + iA) = (x —wy)(x" +11"). consequently we can grow k + 14 =

(x+ ) +11') by to distinguish how the conjugate explanation relate to the novel.

(K" + 14" = (k + 1) (" ‘y) .27)
In addition, we are familiar with that

x-1y  x2-y?=2xy1
x+1y - x2+y2 -(28)
Since the denominator is genuine, the conjugation won't be affected. For simplicity
leta = x? —y?and b = 2xy....(29)
Accordingly
(k*+ 1) = (k+ 1) (a — br)
= [(6k — 1) + 1(6¢ — 1)][a — bi] ...(30)
= [6(ka + ¢b) — a — b] + 1[6(fYa — kb) — a + D].
We be acquainted with that —a + b = +1mod6. exclusive of losing sweeping statement, we
can assume —a — b = —1modé6. This as well imply that a = 3mod6, b = 4mod6 in addition
to —a + b = 1modé6.
Consequently —a — b + 1 = Omod6 and—a + b — 1 = Omodé6.
We can issue out a 6 and rephrase our equation as

K+ 12" =6 (ka+eb+ =) — 1] +1[6(—La + kb + 1]...31)

at this instant we encompass our equation in the accurate form to comprehend that since k* =
(6k* — 1) and A* = (6¢* — 1), we be acquainted with that

k* = ka + £b + =221

"= —fa+ kb +
It become clear that we desire to compare the equality of k + £ by means of k* + ¢*.

1-b
k48 = (@ +b)k+ (b~ a)l +—5—

First we could do with to make sure that 1;—1’ is an integer. former we well-known that as —a —

a— b+1)

(32)

ab+1'

b = —1mod6 then b = 4mod6, consequently 1 — b = —3 = 3modé6. Consequently%b isan
integer. Now we be obliged to consider k* 4+ £*mod2. We bring to mind that b = 2xy,
consequently b is even. In addition recall a = x? — y2. Now because q is odd we be familiar
with g =x?*+y?=1mod2 , as a result a=x>—y?=x?+y?)—-2y2=1-0=
1mod2, so a is odd. Therefore (a + b) = (b —a) = 1mod2. We also know 1;—b =(1-
b)mod2. But since (1 —b) = 3mod6 we know (1 — b) is odd, so (1 —b) = 1mod2. So

reducing k* + #*mod2 we seethat k + £ = k* + £* 4+ 1mod2.
for that reason

(D = —[(=D)F+¥] ....(33)
For each explanation ( k,¢ ) there unavoidably exists a conjugate solution ( k*,¢* ). come
together this with the consequence higher than we see that
p3(g?m+b) = z (—D*** = 0mod3
k(3k—1) £(34-1)_
z 2z "

Our two primary theorems can be combined to produce a general result for the requirements
on ¢ that permit it to satisfy congruence relations.
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5. Conclusion @“5 mgi wg,,,.

Congruences for restricted partition functions reveal divisibility properties and patterns in-
partitions with constraints, often proven using Ramanujan's theta-function identities or
connections to other combinatorial identities like Euler's Pentagonal —Number
Theorem. Researchers study these congruences to find infinite families of divisibility results
for various restricted functions, similar to the classic Ramanujan congruences for the
unrestricted partition function p(n), and these findings contribute to a deeper understanding of
the arithmetic properties of partitions.
6. Limitations
Congruences for restricted partition functions reveal patterns in these functions' behavior
modulo certain numbers, similar to Ramanujan's famous congruences for the unrestricted
partition function p(n). The term “limitation™ relates to the challenges and complexities in
finding such congruences for restricted cases, particularly the absence of general Ramanujan-
type congruences for many restricted functions and the intricate nature of the restrictions
themselves, which often leads to specialized, case-by-case analysis.
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